We study a bipartite linear chain constituted by spherical metallic nanoparticles, where each nanoparticle supports a localized surface plasmon. The near-field dipolar interaction between the localized surface plasmons gives rise to collective plasmons, which are extended over the whole nanoparticle array. We derive analytically the spectrum and the eigenstates of the collective plasmonic excitations. At the edge of the Brillouin zone, the spectrum is of a pseudorelativistic nature similar to that present in the electronic band structure of polyacetylene. We find the effective Dirac Hamiltonian for the collective plasmons and show that the corresponding spinor eigenstates represent one-dimensional Dirac-like massive bosonic excitations. Therefore, the plasmonic lattice exhibits similar effects to those found for electrons in one-dimensional Dirac materials, such as the ability for transmission with highly suppressed backscattering due to Klein tunneling. We also show that the system is governed by a nontrivial Zak phase, which predicts the manifestation of edge states in the chain. When two dimerized chains with different topological phases are connected, we find the appearance of the bosonic version of a Jackiw-Rebbi midgap state. We further investigate the radiative and nonradiative lifetimes of the collective plasmonic excitations and comment on the challenges for experimental realization of the topological effects found theoretically.
I. INTRODUCTION
Since Veselago [1] first pondered creating artificial materials to induce unorthodox physical properties in 1968, metamaterials have been at the forefront of interdisciplinary research to develop novel applications. After the turn of the new millennium, groundbreaking progresses on invisibility and cloaking [2] , slow-light [3] , and superlensing effects [4] have been reported. This scientific paradigm has spawned the subfield of nanostructure-based plasmonic metamaterials, which exploit the properties of the surface plasmon, a collective oscillation of valence electronic charges [5] [6] [7] .
The ability for plasmonic materials to focus light at subwavelength scales and to generate a large optical density of states are two significant physical properties which may be utilized in future applications [8] . There have already been numerous proposed implementations of plasmonic metamaterials, including spasers [9] , optical transmission modulators [10] , bio-sensors [11] , switches [12] and optical storage devices [13] . There is continued and active interest in schemes enabling long-range propagation in plasmonic waveguides [14, 15] since they are the building blocks of plasmonic circuitry [8] , where it is hoped that a similar large bandwidth of information as in conventional photonics can be achieved, but without the limitation of diffraction at submicron cross sections.
Linear, one-dimensional (1D) chains of regularly-spaced metallic nanoparticles, which support localized surface plasmons (LSPs) confined to each nanoparticle, have been proposed almost two decades ago to act as plasmonic waveguides [16] . When irradiated with light, the LSP excitations in the nanoparticles forming the array couple to each other through the optical near-field dipole-dipole interaction, which induces collective plasmons [17] that extend over the whole chain and which guide electromagnetic radiation with strong lateral confinement. Since the original proposal by Quinten et al. [16] , * guillaume.weick@ipcms.unistra.fr plasmon propagation in nanoparticle chains has been extensively investigated both theoretically [18] [19] [20] [21] [22] [23] [24] [25] [26] and experimentally [27] [28] [29] [30] [31] [32] .
Recently, the potentially nontrivial topological properties of collective excitations in zigzag [33] and 'diatomic' [34] chains of nanoparticles were uncovered. In particular, it has been shown in Ref. [34] by means of a classical quasistatic calculation based on the macroscopic Maxwell equations that the collective plasmonic oscillations in the linear array become decidedly topologically nontrivial when the chain becomes dimerized. Other 1D or quasi-1D artificial systems such as photonic lattices [35, 36] , dielectric resonators [37, 38] , silicon waveguides [39] , polariton cavities [40, 41] , and metallic nanowires [42] were also shown to present interesting nontrivial topological features, paving the way to a new exciting field of research coined 'topological photonics' [43] .
In this work, we present a fully quantum-mechanical treatment of collective plasmons in a linear bipartite chain of metallic nanoparticles, which provides a clear analogy with the nontrivial electronic properties of fermionic topological insulators [44] . Such an analogy remains only elusive within a classical treatment [34] . Moreover, a quantum treatment becomes essential when the size of the nanoparticles composing the chain (below ca. 20 nm in diameter) is such that quantumsize effects appear in their optical response [5, 6, 45] . The formed bipartite lattice, given by a regular array with a unit cell consisting of two identical nanoparticles, presents a small gap at the edge of the first Brillouin zone in the two-band collective plasmonic bandstructure. We find an effective Hamiltonian for the collective plasmons, which at the edge of the Brillouin zone corresponds to a 1D Dirac equation for massive bosonic quasiparticles. These Bogoliubov excitations are accompanied with a nontrivial vacuum state, which is different from the vacuum of the original plasmonic excitations. The Dirac-like nature of the quasiparticles associated with our system allows us to propose a setup to observe the plasmonic analogue of Klein tunneling [46] , which is celebrated for enabling transmission with highly suppressed backscattering, as is the case in two-dimensional graphene sheets [47] .
We show that depending on the strength of the dimerization, the system may be in either a topologically trivial or nontrivial phase, which is codified by a topological invariant [48] . This invariant governs the existence of special, topologically-protected modes at the ends of the chain and identifies the bipartite nanoparticle chain as a 'bosonic topological insulator' for plasmonic excitations. We unveil several types of edge states, which appear at the midgap frequency of the gapped plasmonic bandstructure. We further investigate the topologically-protected midgap state formed between two dimerized chains, which is reminiscent of the Jackiw-Rebbi state [49] .
A major challenge for the effective use of plasmonic circuitry is how to effectively combat losses necessarily present in a system with a high scattering rate of electrons, radiation losses into the far-field, and dissipation due to quantum-size effects [50] . Here we estimate, with analytical expressions for both radiation and Landau [5, 6, 51] damping decay rates, the plasmonic losses in the bipartite chain. In particular, the collective plasmonic bandstructure is comprised, for a given polarization, of one band where the dipole moments on each nanoparticle within a dimer are in-phase, while on the other band these dipoles are out-of-phase. For the in-phase band, only those states within the light cone significantly couple to light and thus suffer from radiation losses. Such modes are thus referred to as 'bright'. All the other plasmonic states weakly couple to light and are therefore immune from radiation damping. Hence these modes are called 'dark'. In contrast, all of the modes are subject to nonradiative losses, i.e., Ohmic and Landau damping. Our detailed analysis of the various damping mechanisms the collective plasmons suffer from enables us to comment on the experimental challenges to observe topological effects in nanoplasmonics.
The sequel of this paper is organized as follows: Section II presents our model of collective plasmonic excitations in a bipartite chain of metallic nanoparticles coupled to a bath of electron-hole pairs (responsible for the nonradiative Landau damping) as well as to a photonic bath (which leads to radiation damping of the collective excitations). In Sec. III, we diagonalize the purely plasmonic problem and discuss the properties of the associated plasmonic bandstructure. We detail in Sec. IV the mapping of the plasmonic Hamiltonian to a 1D Dirac equation for massive bosonic quasiparticles, and consider the plasmonic version of Klein tunneling. In Sec. V, we study the topological properties of the bipartite chain, codified by a nontrivial Zak phase, and illustrate how various types of edge states and topologically-protected midgap states may form. An analysis of plasmonic losses due to both the size-dependent radiation and Landau damping is presented in Sec. VI, which enables us to comment on the experimental realization of our proposal. Finally, we draw conclusions in Sec. VII. A few appendices complement the discussion presented in the main text. 
II. MODEL
We consider a linear chain composed of N dimers, which comprise the unit cell of two identical spherical metallic nanoparticles. The two corresponding inequivalent sublattices are denoted by A and B, respectively. This geometry is sketched in Fig. 1 , showing the nanoparticle radius a and the interparticle separations d 1 and d 2 which build a bipartite chain with a period
Along the chain each nanoparticle supports an LSP resonance [5] [6] [7] , a collective excitation of the electronic center of mass, which couples to the neighboring nanoparticles via the dipole-dipole interaction [18] . This approximation is valid for interparticle distances d 1, 2 3a [21] . In what follows, we denote by H pl the plasmonic Hamiltonian describing the near-field-coupled LSPs along the bipartite chain.
Each LSP is coupled to vacuum photonic modes described by the Hamiltonian H ph through the light-matter interaction H pl-ph (which includes retardation effects), leading to the radiative decay of the collective excitations. Moreover, the coupling described by the Hamiltonian H pl-eh of the LSPs to electron-hole pairs (with Hamiltonian H eh ) in each of the nanoparticles leads to the size-dependent Landau damping of the collective modes [26] . The Hamiltonian of our system hence reads
Since the nanoparticles we consider are small enough to be subject to quantum-size effects [5, 6, 45, 51] , and to elucidate the connection to fermionic quasiparticles in Dirac materials, we quantize the classical plasmonic Hamiltonian H pl [26, [52] [53] [54] [55] in the Coulomb gauge [56, 57] , leading to
where n is an index which denotes the dimer number in the chain (see Fig. 1 ), and the summation over σ = x, y, z counts the two transverse (x, y) and the single longitudinal (z) polarizations of the collective plasmonic modes. The factor η x = η y = 1 (η z = −2) accounts for the repulsive (attractive) interaction between transverse (longitudinal) nearest neighbor LSPs. We neglect interactions beyond those between nearest neighbors since such interactions only lead to a small quantitative change of the plasmonic dispersion (see Appendix A for details). The bosonic operators a The Hamiltonian (2) displays terms which are reminiscent of a 1D tight-binding model. Firstly, the role of the onsite energy is played by the LSP resonance frequency ω 0 [here we refer to the first and second terms on the right-hand side of Eq. (2)]. For the case of alkaline nanoparticles in vacuum, this resonance frequency corresponds to the Mie frequency ω p /3 1/2 = (N e e 2 /m e a 3 ) 1/2 , where e is the charge of an electron with effective mass m e and the number of electrons in each nanoparticle is N e [6] . The plasma frequency is ω p = (4πn e e 2 /m e ) 1/2 , where n e is the electronic density of the considered metal. Secondly, the analogue of the hopping terms in Eq. (2), namely those ∝ (a
, are due to the nearest neighbor dipoledipole interaction. The dipolar interaction gives rise to the coupling constants
which alternate along the chain. However, this is where the comparison to a standard tight-binding model ends, due to the appearance of nonresonant terms ∝ (a σ n + h.c.) which enter the Hamiltonian (2) and are also due to the dipolar interaction. Such nonrotating-wave terms cannot be neglected when calculating plasmon eigenstates and, hence, quantities dependent on the latter, such as damping rates (see Sec. VI) [26] .
Without the nonresonant terms mentioned above, the model encapsulated in the Hamiltonian (2) can be seen as the bosonic counterpart to the Su-Schrieffer-Heeger model [58, 59] , where electrons hopping in 1D lattices with staggered hopping amplitudes were considered. This simple, though physically rich model was originally developed in studies of conducting polymers such as polyacetylene and is known to exhibit rather exotic physics including fractionally charged excitations and edge states [49] . How the presence of the bosonic nonresonant terms in the Hamiltonian (2) will affect the formation and properties of edge states is not immediately clear. This issue is addressed in the sequel of our paper.
In Eq. (1), the vacuum modes of the electromagnetic field, to which the LSPs are coupled to, lead to the radiative damping of the plasmonic collective modes and are described by the photonic Hamiltonian
where cλ
annihilates (creates) a photon with momentum k, transverse polarizationλ k , and dispersion ω k = c|k|, with c the speed of light in vacuum. In the long-wavelength limit, the plasmon-photon coupling Hamiltonian entering Eq.
(1) has the expression
where the position of the center of the nanoparticle belonging to sublattice A (B) in the nth dimer is denoted by
, and where V is the quantization volume of the photonic modes. We note that the coupling (5), together with the static, instantaneous interaction in Eq.
(2), results in a fully-retarded description of the dipole-dipole interaction between LSPs along the bipartite chain [57] . The Hamiltonian describing the bath of electron-hole pairs in Eq. (1) reads as
where µ labels the electron and hole states with energy ε nsµ in nanoparticle (n, s) and where f nsµ f † nsµ annihilates (creates) the one-body state |nsµ . In the hard-wall approximation for the mean-field potential felt by the electrons [60, 61] , the collective plasmon-electron-hole coupling leading to the Landau damping of the collective plasmons reads [26, 62] 
where Λ = m e ω 3 0 /2N e 1/2 .
III. PLASMONIC BANDSTRUCTURE
We start by fully characterizing the fundamental properties of the plasmonic bipartite chain in the absence of the damping mechanisms. To this end, we diagonalize exactly in the sequel the Hamiltonian (2) by means of bosonic Bogoliubov transformations. We provide analytic expressions for the plasmonic dispersion relation and its associated eigenstates.
Using periodic Born-von Karman boundary conditions and introducing the bosonic operators in momentum space a 
the real space Hamiltonian (2) becomes
where we have introduced the quantity
The quadratic Hamiltonian (9) is diagonalized with the bosonic Bogoliubov transformation [52, 53] 
where the index τ = +1 (−1) corresponds to the upper (lower) collective plasmon band. In Eq. (11), the Bogoliubov coefficients read
and the auxiliary bosonic operators are
Thus we arrive at the diagonalized form of Eq. (9) [64] ,
where the eigenfrequencies of the collective plasmonic modes are
The dispersion relation (15) is plotted in Fig. 2 for the regular chain limit where 
Collective plasmonic dispersion relation from Eq. (15) for the transverse (red and orange dashed lines, σ = x = y) and longitudinal (blue and cyan solid lines, σ = z) modes for both the upper (τ = +1) and the lower (τ = −1) bands. The undimerized case (thinner lines) with d1 = d2 = 3a and a typical dimerized case (thicker lines) with d1 = 3a and d2 = 3.5a are both displayed.
[65], as the dimerization has the effect of opening up a small gap of the order of ∆ σ 2|η σ ||Ω 1 − Ω 2 | at the edges of the first Brillouin zone (qd = ±π). The longitudinal collective plasmon mode has a gap which is about twice as large as compared to the transverse modes because the attractive interaction between pairs of dipoles parallel to the chain is twice as much as between dipoles perpendicular to the chain which experience a repulsive interaction [cf. the factor η σ appearing in Eq. (2)].
Notably, the high-(low-)energy band for the transverse polarization (σ = x, y) corresponds to a situation where the dipole moments on each nanoparticle within a given dimer are in-phase (out-of-phase). Conversely, for the longitudinal modes (σ = z), the high-(low-)energy band corresponds to out-of-phase (in-phase) dipole moments within each dimer. This has important consequences for the radiative properties of such states, as the in-phase bands [(σ = x, y, τ = +1) and (σ = z, τ = −1)] and out-of-phase bands [(σ = x, y, τ = −1) and σ = z, τ = +1)] have drastically different couplings to the photonic environment (see Sec. VI A).
In Appendix A we calculate the collective plasmon dispersion where the dipole-dipole interaction is considered beyond nearest neighbors. Such additional terms in the near-field interaction only lead to a minor correction to the dispersion relation shown in Fig. 2 , justifying the nearest-neighbor approximation to the near-field interaction which we use in the remainder of this work.
IV. MASSIVE DIRAC-LIKE COLLECTIVE PLASMONS
Now that the plasmonic Hamiltonian (2) has been diagonalized in Sec. III, we are in a position to study in more details the properties of its associated eigenstates. In this section we show that at the edge of the Brillouin zone, the system can ef-fectively be described by a 1D Dirac-like Hamiltonian, which gives rise to a Klein tunneling phenomenon for the collective plasmons. We further comment on the experimental setups required to observe the aforementioned tunneling effect.
To analyze the physics occurring at the edge of the Brillouin zone, we Taylor-expand the plasmon dispersion (15) in the vicinity of qd = π + kd, with kd 1. In the regime Ω 1,2 ω 0 , we find that the collective excitations are governed by a pseudorelativistic spectrum
which is reminiscent of the spectrum of massive Dirac particles, E D = ± (mc 2 ) 2 + (pc) 2 , where ± distinguishes the electron and positron particle species, and p and m are the momentum and mass of the particle, respectively. The pseudorelativistic spectrum (16) indicates a connection to a Dirac-like Hamiltonian, as was first noticed in the continuum quantum field theory study of the (fermionic case) of diatomic polymers [66] . Working in the regime of first order in Ω 1,2 ω 0 , one finds from Eq. (12) that cosh θ σ qτ
0, such that the plasmonic Hamiltonian (14) can be expressed in terms of the auxiliary operators of Eq. (13),
Performing the summation over τ , we obtain a 2 × 2 matrix Hamiltonian
where
The associated eigenvectors are in the form of a Dirac spinor
which is reminiscent of eigenvectors found in 1D Dirac materials such as single-wall carbon nanotubes [67] . The index ζ denotes whether the excitation can be thought of (in the language of semiconductor physics) as hole-like (ζ = −1) or electron-like (ζ = +1), as is the case with the spinor of graphene [68] . For the Dirac-like nature of the Hamiltonian (17) to become apparent, we utilize the unitary transform
Here, 1 2 is the 2 × 2 identity matrix and σ x , σ y , and σ z are Pauli's spin matrices. The parallels with the 1D form of the Dirac Hamiltonian H D = mc 2 σ z + cpσ y are evident, up to the unimportant constant energy shift ω 0 1 2 . A striking feature in the effective Hamiltonian (19) is that the role of the mass term is played by a quantity ∝ (Ω 1 − Ω 2 ) which can be modified in both magnitude and sign through the interparticle distances d 1 and d 2 [see Eq. (3)]. This tunability has significant implications for both pseudorelativistic Klein tunneling (see Appendix B) and the topological properties of bipartite metallic nanoparticle chains (cf. Sec. V). The present realization of 1D Dirac-like bosons encapsulated in the Hamiltonian (19) complements the recent discovery of their counterparts in 2D honeycomb metasurfaces [52, 53, 69] . A prominent feature of excitations described by a Dirac equation is their ability to be transmitted through a potential barrier with highly suppressed backscattering [46] , the so-called Klein paradox. For the system of nanoparticles we investigate here, a plasmonic version of Klein tunneling can be realized by arranging a dimerized chain into two distinct sections, which we distinguish with the notation L (for left) and R (for right). These two sections have different resonance frequencies ω L,R 0 to mimic the application of an electrostatic potential step, as can be inferred from the first term in the right-hand side of the Dirac-like Hamiltonian (19) (see Appendix B for a detailed calculation of the corresponding transmission probability). Such a scenario may be experimentally achieved by the three following different means: (i) using two different metals (for example silver and gold); (ii) modifying the electrostatic environment of one chain with respect to the other, using an embedding dielectric medium; or (iii) using nanoparticles of different sizes, for which quantum-size effects such as the spill-out of the electronic density outside the nanoparticle [6, 70] as well as coupling to the electronic environment [71] influence the position of the surface plasmon resonance.
V. TOPOLOGICAL PROPERTIES OF THE COLLECTIVE PLASMONS
The appearance of a Dirac equation with its associated spinor wavefunctions in the description of the collective plasmons in the dimerized chain (see Sec. IV) indicates that a nontrivial Berry phase may arise in this system. In this section we study the implications of such physics on bosonic quasiparticles, classify the topological properties which are found to arise and investigate the existence of edge states. As a result, we uncover our system as a 'plasmonic topological insulator', which has the ability to both harbor and exploit topologicallyprotected midgap states.
A. Zak phase
The Berry phase [72] when applied to the dynamics of electrons in periodic solids in 1D is known as the Zak phase [73] . For our purposes here, its utility arises because it is related to the existence of edge states, in a manifestation of a bulk-edge correspondence principle [74] . The Zak phase is defined as an integration over the first Brillouin zone of the Berry connec-
which requires knowledge of the plasmonic eigenstates |ψ σ qτ . We may write the plasmonic eigenstates via identification with the Bogoliubov coefficients of Eq. (11), namely [75] . Then, proceeding to calculate the Zak phase from Eq. (20) with Eq. (21), we find
defined modulo 2π (since the Berry connection A is not gauge invariant). Thus the bipartite chain has a trivial Zak phase
, with a topological phase transition at the crossover point of the regular chain
where the bandgap closes (see Fig. 2 ). Equation (22) alludes to the presence of highly confined edge states in the nontrivial phase, corresponding to topologically-protected localized collective plasmons, which we investigate in detail in the remainder of this section.
B. Plasmonic edge states
We now search for a midgap collective plasmon state at the frequency ω 0 supported by the finite bipartite chain described by the Hamiltonian (2) and composed of an even number of nanoparticles (for completeness, we consider in Appendix C the case where the chain is composed of an odd number of constituents). To this end, we work in real space with open boundary conditions. Due to the requirement of preserving bosonic statistics, diagonalization of Eq. (2) requires the framework of paraunitary transforms [79] . The result of this numerical procedure is shown in Fig. 3 , where we plot the probability density associated with the midgap state at each nanoparticle site in the regime
. As foreshadowed by the nontrivial Zak phase ϑ Z = π found in Sec. V A in that case, both edges are highly plasmonically active. We have also checked numerically that, as expected, there is no midgap state when Ω 1 > Ω 2 (d 1 < d 2 ) for which one finds a vanishing Zak phase [cf. Eq. (22)].
To better understand the critical factor determining the formation of the midgap edge states, we neglect the nonresonant terms in Eq. (2) and maintain only the regular 'hopping' terms in the following analytic analysis. This rotating wave approximation (RWA) is justified post hoc due to the excellent comparison to the results found via full numerical diagonalization of the Hamiltonian (2) in the limit of a large number of nanoparticles. We thus start from the real space Hamiltonian (2) in the form
We write the above Hamiltonian as 
Searching for midgap states at ω 0 produces from Eqs. (24c) and (24d) the boundary conditions B σ 1 = A σ N = 0 at the chain edges. In the bulk, the recurrence relations formed from Eqs. (24a) and (24b) asymptotically satisfy these boundary conditions as long as
, with the probability densities on each site given by
with n ∈ [1, N ]. A plot of the above expressions is indistinguishable from the one of the full numerical solution in Fig.  3 for long-enough chains and so is not displayed in the figure [80] . The exponential behavior of the plasmonic probability density associated with the midgap state at frequency ω 0 can be understood with the help of the simple picture in the inset of Fig. 3 , where we sketch a representative chain consisting of an even number of nanoparticles. The Ω 1 < Ω 2 dimerization favors a pairing-up of nanoparticles as depicted with the drawn loops, leaving seemingly isolated nanoparticles at both ends of the chain which are both free to harbor the majority of the plasmonic activity.
C. Topologically-protected Jackiw-Rebbi-like state
Another edge state may form at the interface between two topologically-distinct bipartite chains (both considered for simplicity to have the same resonance frequency ω 0 ). At the formed 'domain wall', a topologically-protected kink-like bound state arises at the midgap frequency ω 0 . In this way, the state is reminiscent of a Jackiw-Rebbi mode [49] , an exponentially pinned eigenstate which arises at the boundary where the mass term changes sign in a Dirac equation with positiondependent mass.
Let us consider bringing together two bipartite chains, identified by their different Zak phases ϑ Z = 0 and π, and characterized by their coupling constants
We choose the left-hand side chain to be topologically trivial
) and the right-hand side chain to be topo-
. Furthermore, the connection of these two chains is described with the interface coupling constant Ω i . For simplicity, we investigate the case of an odd total number of nanoparticles, comprised of 2N nanoparticles in the left-hand side chain and 2N + 1 nanoparticles in the right-hand side chain. The resulting real space Hamiltonian can be written down in analogy to the Hamiltonian (2) .
As alluded to in Sec. V B, one may diagonalize quadratic, bosonic Hamiltonians by employing paraunitary transforms [76] [77] [78] . Following this approach, we obtain the probability density of the midgap state at frequency ω 0 as a function of the nanoparticle site, which is plotted in Fig. 4 . We consider three fundamental varieties of edge states which can be obtained by expedient choices of internanoparticle separations. Firstly, we consider symmetric states with coupling (green triangles). In this case, the significant asymmetry causes the midgap state to be highly confined to the nanoparticle in sublattice A in the (N + 1)st dimer. Notably, due to the experimental possibility to position metallic nanoparticles in any desired location, the system provides some tunability over the size of the localization length of the Jackiw-Rebbi-like state.
The topologically-protected midgap states above can be well described using the RWA, which disregard the nonresonant terms which appear in the governing Hamiltonian. The validity of this conjecture is, as in Sec. V B, proved after the fact by comparing the analytic expressions obtained in the RWA with the outcome of the numerical diagonalization of the full Hamiltonian. Such an RWA analysis proceeds in a similar manner to that carried out in Sec. V B. One finds the complete extinction of plasmonic activity on the B sublattice, |B σ n | 2 = 0, with n ∈ [1, 2N ]. This is a consequence of the chiral (or sublattice) symmetry of the bipartite chain [81] . Meanwhile on the A sublattice, we find an exponentiallypinned probability density profile
for n ∈ [N + 1, 2N + 1] in terms of the probability density on the final A site of the left-hand side chain,
Since these analytic expressions are imperceptible from the numerically exact solution displayed in Fig. 4 , they are not plotted in the figure. Equation (27) defines a bosonic version of a strongly-localized midgap state. Its existence at the domain-wall boundary only requires the connection of two chains of different Zak phases. The precise details of the chain are unimportant, so it corresponds to a topologically-protected plasmonic bound state.
The analysis above provides a physical realization of various bosonic Jackiw-Rebbi-like states, and gives rise to the chance of witnessing such exotic states experimentally, especially when compared to fermionic systems such as conducting polymers where such an observation is a challenging task.
VI. LIFETIME OF THE COLLECTIVE MODES
Now that the topological properties of the purely plasmonic problem encapsulated in the Hamiltonian (2) have been discussed, here we analyze in detail the influence of both the photonic and electronic environments [Eqs. (4) and (6), respectively] onto plasmon lifetimes. In particular, we calculate the radiative and size-dependent nonradiative (Landau damping) losses encountered by the collective plasmons in bipartite chains of metallic nanoparticles, and comment on the various challenges to experimentally observe their topological properties.
A. Radiation damping
The plasmonic system sketched in Fig. 1 is subject to radiative losses, which arise due to the coupling of the collective plasmons along the nanoparticle chain to vacuum electromagnetic field modes described by Eq. (4) and entering the system Hamiltonian (1). Treating the plasmon-photon coupling (5) as a perturbation, the Fermi golden rule result for the radiative decay rate of the collective plasmon with momentum q in the branch τ and polarization σ reads
The above expression describes the transitions between the plasmonic excited state |1 (11), we arrive at
where the array factor is defined as
with k z being the z component of the photon wavenumber k. Equation (31) can easily be evaluated, yielding
which, in the large-chain limit (N 1), simplifies to
The above approximation has been proved to be accurate in the case of a regular chain composed of only 20 nanoparticles (cf. Fig. 3 in Ref. [26] ). Using that λ k |σ ·λ k | 2 = 1 − (σ ·k) 2 , working in the continuum limit (V → ∞), and replacing the sum over k by a threedimensional integral in Eq. (30), we finally arrive at the result 
for the radiation damping of the collective plasmons in terms of the single-particle result γ r 0 = 2ω
We plot in Fig. 5 the radiation damping decay rate (33) for the in-phase bands. The results for the regular-chain limit with d 1 = d 2 (thinner lines) and a typical dimerized chain with d 1 = d 2 (thicker lines) are both plotted, each for the transverse (dashed red/orange lines) and longitudinal (solid blue/cyan lines) polarizations. Notably, even when the chain is in the dimerized regime, there remains only one band per polarization that provides a non-negligible contribution to the decay rate. Namely, the out-of-phase bands, corresponding to the longitudinal modes in the upper τ = +1 band and the transverse modes in the lower τ = −1 band are weakly coupled to light and are thus referred to as 'dark bands'. These polarization-dependent low-loss bands will inevitably have an increased plasmonic lifetime due to being protected against radiation damping. Such dark modes arise due to destructive interferences in the far field. In contrast, the in-phase modes (the lower τ = −1 band for the longitudinal polarization and the upper τ = +1 band for the transverse one) within the light cone are subject to radiation damping. Indeed, outside of the light cone (0 ) the decay rate is vanishing, while inside the light cone (0 ) the modes are both bright and superradiant, with a magnitude significantly larger than that of a single nanoparticle. It should also be noted that, within our model of near-field coupled nanoparticles, the topologicallyprotected edge states discussed in Sec. V sit outside of the light cone, and hence are not subject to radiation damping. As can be seen in Fig. 5 , dimerization has a weak effect on radiation damping, as the latter follows qualitatively the qdependence of the simple-chain result [26] .
B. Landau damping
The coupling (7) of the collective plasmons to a bath of electron-hole pairs, described by the Hamiltonian (6) and appearing in the system Hamiltonian (1), gives rise to a sizedependent nonradiative decay of a purely quantum mechanical origin: Landau damping [51, 60, 61] . Assuming that the plasmon-electron-hole Hamiltonian (7) acts perturbatively, one can write down the following Fermi golden rule for the nonradiative decay rate of the collective plasmon with momentum q in the branch τ and with the polarization σ,
Landau damping decay rate from Eq. (37) as a function of momentum for the transverse (red and orange dashed lines, σ = x = y) and longitudinal (blue and cyan solid lines, σ = z) collective plasmonic modes for ω0/EF = 0.5. The thinner (thicker) lines correspond to d1 = d2 = 3a (d1 = 3.5a and d2 = 3a).
with eh ns denoting electron-hole states in the nanoparticle belonging to the dimer n and the sublattice s. The above expression describes the transitions between the plasmonic excited and ground states by nonradiative emission of electron-hole pairs (|gs ns → |eh ns ). Evaluating Eq. (34) for arbitrary N with the help of the Bogoliubov transformation (11) yields
in terms of the summation over electron and hole states (assumed to be the same in each nanoparticle)
The quantity Σ σ (ω) can be analytically calculated using a semiclassical expansion of the angular-momentum-restricted density of states [61, 71] , leading to
where v F and E F are the Fermi velocity and energy of the metal, respectively. An explicit expression of the monotonically decaying function g(z) ∈ ]0, 1] can be found in Eqs.
(107) and (108) of Ref. [60] or in Eq. (B2) of Ref. [82] . Notably, the Landau damping decay rate is independent of the number of dimers N in the chain. The Landau damping decay rate (37) is plotted in Fig. 6 , scaled with the single-nanoparticle result γ quartic dependence on the spectrum. While the τ = −1 bands show decreasing Landau damping with increasing magnitude of the momentum, the opposite is true for the τ = +1 bands. Therefore the center of the Brillouin zone displays the greatest disparity in decay rate between each of the two bands per polarization, being either appreciably higher or lower than the result of a single nanoparticle. However, at the edge of the Brillouin zone, where the topologically-protected states described in Sec. V reside at the midgap frequency ω 0 , the Landau damping decay rate is well approximated by the singleparticle result γ 
C. Experimental realization
The preceding quantitative studies of both the radiative and Landau decay rates in Secs. VI A and Sec. VI B, respectively, allow us to investigate the optimal parameters of the bipartite chain of nanoparticles in order to maximize the lifetime of the collective plasmonic excitations. In Fig. 7 , we plot these aforementioned decay rates, scaled by the Mie frequency ω 0 , as a function of both k F a (k F denotes the Fermi wavevector) and the scaled momentum q/q 0 . The parameters used in the figure correspond to a chain of silver nanoparticles with ω 0 = 2.6eV/ , k The two in-phase bands also exhibit the striking feature of a complete suppression of radiative losses outside the light cone (0 ), as was explicitly derived in Eq. (33) . In particular, there is an abrupt drop in the total decay rate for the in-phase transverse modes at0 [cf. Fig. 7(a) ] which is also observed in Fig. 5 (dashed  lines) . The common feature across all four types of plasmonic band is the quantum size effect of strong Landau damping for small nanoparticles, which graphically illustrates the result of Eq. (37) and its distinctive 1/a scaling. It may be seen from Figs. 7(a) and 7(d) that the optimal size of nanoparticle to probe bright modes of collective plasmonic excitations (of either polarization) is of the order of k F a 120, corresponding to a 10 nm. Ohmic decay rate γ O . With a typical Ohmic damping rate γ O = 0.027ω 0 for silver nanoparticles [83] , the bright band plasmonic lifetime is approximately 4 fs for a = 10 nm, such that experimental detection is a somewhat challenging task. However, an enhancement of the lifetime by a factor of two can be achieved by employing metallic nanoparticles with gain in order to compensate for Ohmic losses [7] . Various methods of introducing gain into plasmonic systems exist, including embedding the nanoparticles in a dielectric environment with gain [84, 85] or by cladding the nanoparticle core with a gain-material shell [86] .
Regarding the topologically-protected edge states described in Sec. V, a well-defined criterion for their experimental detection is that the gap ∆ σ formed at the edge of the Brillouin zone should typically be larger than the linewidth γ t of the topological state. As we discussed in Secs. VI A and VI B, the latter quantity can be approximated by
as it corresponds to a dark mode and therefore is immune to radiation damping. Dark modes can be excited via electron energy loss spectroscopy (EELS) [32, 87] , which enables the observation of plasmon modes which are not directly reachable optically. A simple estimate suggests that for a bipartite chain composed of Ag nanoparticles with radius a = 25 nm (for which Landau damping is negligible) and with d 2 = 3a and d 1 4.6a, the topological edge states corresponding to the longitudinal polarization should be well defined. The introduction of gain media would further increase the distinguishability of these edge states. Therefore, we conclude that the phenomena discussed in this work are within experimental accessibility, particularly for setups with optimally-sized metallic nanoparticles and appropriate gain media.
VII. CONCLUSION
In this theoretical work, we have analyzed in detail the fundamental properties of collective plasmonic excitations in bipartite chains of spherical metallic nanoparticles. We have revealed that this system harbors an unusual form of collective excitations: topological bosonic Bogoliubov quasiparticles. Near the edge of the Brillouin zone, we have shown that these quasiparticles are described by a one-dimensional massive Dirac Hamiltonian. Therefore, we suggest bipartite chains of plasmonic nanoparticles as an ideal testbed to experimentally probe 1D Dirac-like bosons, which undergo exotic phenomena such as Klein tunneling. While our proposal complements the hosting of 2D Dirac-like bosons in honeycomb lattices [52, 53] , it also has the notable advantage that the bipartite linear lattice may be easier to realize experimentally.
Having derived the full quantum eigenstates describing the bosonic Bogoliubov excitations, we were able to calculate the associated Zak phase of the system. This has allowed us to characterize two topologically distinct regimes, depending on the dimerization of the chain, and foreshadowed the presence of plasmonic edge states. We have studied the various types of topologically-protected edge states that may be formed and derived transparent formulas describing their behavior, which opens up a new avenue to manipulate light at the nanoscale.
Since combating radiative and nonradiative losses is a considerable challenge in plasmonics, we have undertaken a detailed study of the decay rates of plasmonic excitations in bipartite nanoparticle chains. We have provided analytic formulas describing losses in the system due to both radiation damping, which has uncovered the existence of both bright and dark plasmonic states, and Landau damping, a quantum size effect fundamental to the study of quantum metamaterials. We have therefore been able to estimate the lifetime of the collective plasmonic excitations in the system and hence the optimal parameters required for experimental detection. With the current trend of technological advances in the fabrication of increasing small metallic nanoparticle arrays with gain media, the topological and Dirac-like phenomena we have discussed should be within experimental reach.
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We are grateful to D. Weinmann for illuminating discussions and for his careful reading of the manuscript. We thank T. J. Sturges for technical support and T. Ojanen for useful correspondence. We acknowledge financial support from the CNRS through the PICS program (Contract No. 6384 APAG) and from the ANR (Grant No. ANR-14-CE26-0005 Q-MetaMat). In the plasmonic Hamiltonian (2), we consider the interaction between nearest neighbors on the 1D bipartite lattice. However, as the near-field dipolar interaction decays as one over the cube of the interparticle distance, it is necessary to check the robustness of our results against the inclusion of interactions beyond nearest neighbors only. In this appendix, we show that the interaction between the nearest neighbors alone captures the relevant physics of the problem and that the plasmon dispersion (15) is only slightly quantitatively modified by interactions beyond nearest neighbors.
In the following, we evaluate the collective plasmon dispersion classically by taking into account the interaction between an arbitrary number of neighbors on the bipartite lattice. Specifically, we consider the dipole-dipole interaction between a nanoparticle on site (s, n) belonging to sublattice s and dimer n up to sites (s, n ± M ) and (s, n ± [M − 1]) with M, M 1 and wheres = A (B) for s = B (A). The plasmonic dispersion can thus be straightforwardly evaluated to yield the general result 
We plot the bandstructure (A1) in Fig. 8 for different values of the number of neighbors taken into account (for clarity, we show only the longitudinal mode σ = z, since similar conclusions can be drawn from the two transverse modes σ = x, y). The nearest neighbor case ω (2, 2) are represented by dashed green, dotted orange, and dash-dotted magenta lines, respectively. As can be seen from the figure, dipole-dipole interactions beyond the nearest neighbor contribution do not lead to significant qualitative changes in the collective plasmon dispersion relation. Quantitatively, when we discuss physics occurring close to the edge of the Brillouin zone we should renormalize the resonance frequency by a small amount ω 0 → ω 0 −η σ (a/d) 3 . For simplicity, we thus limit ourselves to the discussion of dipole-dipole interaction effects between nearest neighbors in the main text. In his appendix we consider the transmission problem of massive Dirac-like collective plasmons at the edge of the first Brillouin zone between two semi-infinite bipartite chains of metallic nanoparticles, denoted by L (for left) and R (for right), and described by two different resonance frequencies ω L,R 0 , respectively. Therefore, the four associated coupling constants arising from the dipole-dipole interaction
are also (in general) different. For simplicity we here consider the case where the interparticle spacings d 1 and d 2 are the same in the left and right chains. The Dirac-like collective plasmons at the edge of the first Brillouin zone qd π are described by the spinor (18) , which pick up a label j = (L, R) in each section of the bipartite chain, such that the quantity entering Eq. (18) becomes
In our proposed setup, a notable contrast to the traditional Klein potential step scenario is that the change in on-site energy between the left and right parts of the chain ω L,R 0 is intrinsically linked to a change in the mass term, as the coupling constants (B1) are directly proportional to ω L,R 0 . Therefore, we effectively deal here with a combined 'electrostatic-mass step', meaning in the Hamiltonian (19) both the customary diagonal terms ∝ 1 2 and the mass term ∝ σ z change as the plasmonic excitation propagates from the left to the right section of the chain.
The transmission probability T can be calculated using the spinor wavefunctions describing incident, reflected, and transmitted plasmonic excitations, respectively. From conservation of energy, the planewaves' wavevectors are
Here ω is the frequency of the excitation propagating from left to right in a chain with ω R 0 > ω L 0 , and ζ j = ±1 arises to ensure conservation of the sign of the group velocity, which is not necessarily aligned with the wavevector. Applying the boundary conditions of continuity of both wavefunction components of the eigenspinors at the domain interface (z = 0) and solving for the transmission coefficient, we arrive at the transmission probability 
We plot in Fig. 9 the transmission probability of a longitudinal excitation (σ = z) as a function of excitation frequency In the main text, we consider bipartite chains consisting of an even number of nanoparticles and described by the Hamiltonian (2). While bulk properties do not depend on this restriction (see Secs. III and IV), the formation of edge states is highly influenced by the parity of the chain. For the sake of completeness, we derive in this appendix expressions for the probability densities at each nanoparticle site corresponding to the midgap state at frequency ω 0 for the case of a chain comprised of an odd number of nanoparticles.
Proceeding as in the case of an even number of nanoparticles (cf. Sec. V B) but adding an A site on the right side of the chain, we now deal with a symmetric tridiagonal matrix H σ pl of odd order, which is always guaranteed to support one eigenvalue at the midgap frequency ω 0 [88] . Here the boundary conditions arising at the edges of the chain are B σ 1 = B σ N = 0, which together with the recurrence relation for B sites imply the complete absence of a midgap plasmonic mode on one half of the nanoparticle sites. On the A sites, nonvanishing probability densities arise as follows:
,
, Fig. 10 . Such an outcome can be naturally explained with the aid of the sketches in the inset of the figure. Indeed, one nanoparticle is always left over when the chain dimerizes. Depending on the coupling ratio Ω 1 /Ω 2 one can choose the remaining unpaired nanoparticle, and hence the edge state, to be at either side of the chain. 
